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SUMMARY

A fuselage—vertical-tailccmibinationwithtailsof twoaspect
ratios,eachofwhichwastestedatfourtaillengths,wasoscillated
inyawthrougha rangeofreduced-frequencypar~ter correspondingto
thelateralmotionsofairplanes.Thetailforcecausedby yawing,and,
hence,theapproximatecontributionof thetailtothedampinginyaw,
wasmeasuredforeachconditionas a phaseanglebetweenthelateral
forceon theverticaltailandthedisplacementinyawof themodel.
Thesephaseanglesweremeasuredwiththetailin thepresenceof the
fuselage.

A reductioninthecontributionof theverticaltailto thelateral
dampingtookplaceas thefrequencywasreducedtolowvaluesandbecame
morepronouncedas theaspectratioandtaillengthwereincreased.

A complementarytheoreticalanalysisbasedon thefinite-spantheory
ofBiotandBoehnleinindicatescertainconditionsof taillength,aspect
ratio,andreduced-frequencyparameterforwhichthelateraldampingof
an isolatedverticaltailgoesto zeroandthenbecomesdestabilizing.
Althoughtestingwithintheseregionsof indicatedne~tivedampingwas
notpossible,a conditionofnegativedampingwasobtainedexperimentally
ina regionof theoreticallypredictedpositivedsmping. .-

Theanalysisindicatesthat,foreachvertical-tailaspectratio,
thereisa taillengthforwhichthelateraldampingisminimum.This
tailpositionisforwardof thecenterof gravityforsmallaspectratios
andthehigherfrequenciesandrovesrearwardwithincreasingaspect
ratiosandlowerfrequencies.

.
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INTRODUCTION
.

Twoofthemoreimportantgeometricvaqiableswhichaffectthelateral
dampingofanairplaneerethe,aspectratiooftheverticaltailandthe
distancebetweentheverticaltailandtheairplanecenterofgravity(or

—

taillength).Althoughbothofthesevariableshavebeeninvestigated
extensivelyforsteadyflightconditions,almostno informationisavaila-
bleto indicateanyeffectsofvariationsinthesegeometricparameters
ontheunsteadydampingof theverticaltail,thatis,theda~ingduring
a lateraloscillation.As a result,itiscommonpracticetorelyon
stabilityderivativeswhichgenerallyneglectunsteady-floweffectsin
thecalculationoflateralmotionsandstabilityof-airplanesandmissiles.
Theexistenceofan effectof frequencyon thedampinghasbeenestablished,- -
bothexperimentallyandtheoretically,ina ~ber of investigations(such
asref.1). An instabilitysuchas thesmall-amplitudeundampedlateral
oscillationwhichhasbeenfoundto occurintheflightbehaviorof cer-

.-

tainpresent-dayairplanescotidlogicallybe explainedasa changein
thelateraldanpingresultingfromfrequencyeffects.

—

At thetimethepresentinvestigationwasundertaken,a numiberof
publishedanalyseswereavailableonthefinite-spantheoryforoscil-
latingwings.Reference2 discussesbrieflythemethodsofReissner
andStevens(ref.3), Jones(ref.4),andBiotandBoehnlein(ref.~).
ThemethodofBiotandBoehnleinwasselected,at thattime,to serve
asa basisofcomparisonwiththeintendedseriesof experimentsbecause
it isrigoroustoa degreeonlyslightlyle5sthanthatofReissnerand
Stevensforthecasetobe studiedandwasmucheasiertoapply.More-
over,no oversimplifyingassumptionsregardingthenatureof theoscil-
latingwakearemadeinthemethod.

Sincethisinvestigationwasbegun,muchmaterialhasbeenaddedto
theliteratureof.unsteadyairloads.Inthismaterialisa simplemethod
forthecalculationof theunsteadylongitudinalstabilityderivativesof
an airplanedevelopedby Miles(ref.6). Someofthederivativesevalu-
atedby Miles,inlieuof certainsimplifyingassumptions,differfrom
thoseofthepresentinvestigation,whichemploysthecirculationfunc-
tionsofBiotandBoehnlein,intheregionwherethered~cedfrequency
approacheszero.Morerecently,a methodhasbeendevelopedby Lawrence
andGerber(ref.7) whichpermitsthecalcfitionoftheunsteadyair
loadsonwings;particularlyof theaspectratioscomparabletothose
employedforconventionalverticaltails.AlthoughthemethodofBiot
andBoehnleinwasderivedasa high-aspect-ratiotheory,.acomparison
withtheexperimentalresultsofreferences2 and8 indicatesthatthis”
methodyieldsreasonableresultsforaspectratiosaslowas2.

Inviewof theamountofmaterialnowavailable,themethodofBiot
andBoehnleinappearstobe onlyoneof severalmethodswhichcanbe used
tocalculatetheunsteady-circulationfunctionsfortheanalysispresented
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herein.As statedpreviously,thismethodwasselected
T availabilityat thetimetheanalysiswasbegunandits

ofapplication.

becauseof its
relativeease

3

Theunsteady-flowtheoryofBiotandBoehnleinindicatesthat,at
certainlowvaluesof thereducedfrequency,thedamping-in-yawparameter
changessignandbecomespositive.Thevalueof thereducedfrequencyat
whichthischangeoccursvarieswithtaillengthandwithvertical-tail
aspectratio.Theprimarypurposeof thisinvestigationwastomapthese
regionsofpredictednegativedampingas fwnctionsofreducedfrequency,
taillocation,andaspectratioandtoapproachtheseregionsexperi-
mentallyinsofaraspossible.Theregionsof indicatedinstabili~are
generallyoutsidethepracticalreduced-frequencyrangeforconventional
airplanes;however,theseregionsof indicatedinstabilitywere”basedon
theaerodynamicsofan isolatedtailinpotentialflow. Itseemedpossi-
ble,therefore,thatviscouseffectsorfuselageinterference,orboth,
mightalterthevertical-taildampingsothattheconditionsforzeroor
negativedampingwouldfallina practicalreduced-frequen~region.

Thetestprocedurefollowedwassimilartothatinreference8. The
dampinginyawwasdeterminedforverticaltailsoftwoaspec,tratiosand

● fourtaillocations,oneofwhichwasforwardoftheassumedcenterof
gravity.Therangeofreduced-frequencyparsmeterwaschosento include
therangecommonlyencounteredinthelateraloscillationsof airplanes..

SYMBOLS

Thedataarereferredto thesystemof stabili~axesshowninfig-
ure“1andarepresentedintheformof standardNAC!Acoefficientsof
forcesandmomentsabouta referencepointwhichislocatedonlywith
respecttotheqwter-chordlineof theverticaltails(seefig.2).
Thecoefficientsandsyuibolsusedhereinaredefinedasfollows:

a

b

c.

f
.

nondimensionaltalllengthreferredto semichordof

verticaltail,

-(=+0”5)

vertical-tailaspectratio, /bt2St

span,ft

chord,ft

frequency,cps
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reduced-frequency
verticaltail,
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psz’ameterreferredto semichordof
iict/2v

distancefrom
ofpressure
rearwardof

mass,slugs

yawingmoment

momentreference
ofverticaltail
momentreference

pointtoassumedcenter
(positivewhentailis
point),ft

aboutoriginofaxes,ft-lb

periodofoscillation,sec

-c pressure, pv2/2,lb/sqft

massdensi~ofair,sluJ&/cuft

area,sqft

time,sec

free-streamvelocity,ft/sec

lateralforce,lb

angleof sideslip,radians

angleofyaw,radians

yawtigvelocity,d~/dt,radians/see

yawingacceleration,d2$/dt2,rad5ans/sec2

angularvelocity,*f, radians/see

phaseanglebetweenyawingmomentofverticaltailand
displacementinyaw (positivewhenmomentleads
displacement)

phaseanglebetweenlateralforceonverticaltailand
displacementinyaw (positivewhenforceleads
displacement)
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~(k) 1=F+iG
unsteady-circulationfunctionsintroducedby Biot

~(k)=H+iJ andBoehnlein(ref.~)

% yawing-momentcoefficient,N/q~&

% lateral-forcecoefficient,Y/q~

a%
vt-&r=—rbwa———

2V

acy%r=~
a—
2VW
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Subscripts:

w wing

t tail

mess measured

aerod aerodynamic

MODELANDAPPARATUS

Thefuselageof themadelwasa hollowcircularcylinder4 inches
indiameterand27 incheslongwitha wallthicknessof1/8inch,was
constructedofaluminum,andcontainedan internalmahoganysleeve
9 incheslong.Thissleeveretainedtheinternalstrain-gageside-force
balance,describedinreference8,whichsupportedtheverticaltail.
Thecylinderwasmadeintwolengths;eithersectionorbothcouldbe
employedasneededforvaryingthetaillen@h. An ogivalmahogany
fairingofcircularcrosssectionenclosedeachendofthecylinder.

Tworectangular-plan-formverticaltailswithNACA0012airfoil
sectionswereconstructedoflaminatedbalsa—wood.”““Thesetailswere
12and6 inchesinspanand4 inchesinchordwithaspectratiosof 3.0
and1.5,respectively.Bothvertical”tails-%eretestedwiththeirquarter-
chordlinesatdistancesof1.8and9 inchesysarwardofthecenterofrota-
tionof themodel,9 inchesforwardofthecenterofrotation,anddirectly
atthecenterofrotation.Thesedistancescorrespondtovaluesof the
nondimensionaltail-lengthparametera of -9.5,-5.0,4.0,and-0.5,
respectively.Figure2 isa drawingofthe-modelconfigurationstested;
figure3,a photographofoneofthemodelconfigurationson theforced-

—.

oscillationstrutintheLangleystabilitytunnel;andfigure4, a photo-
graphof thefuselage-containedstrain-gagebalancewhichmeasuredforces
on theverticaltail.

4

?

e
,.

“

Sincethisnmdelhadnowingonwhichtobasethecomputationofthe
aerodynamiccoefficients,ratiosoftailareatowingarea st/% d 0.26
and0.13werearbitrarilyassumedforthetailsofaspectratios3.0
andl.~,respectively.Theratioofthetillchordtowingspan %pw
wasassumedtobe 0.12.Forthelargertail,theseratiosroughlycorre-
spondtothoseof themodelsusedforthetestsofreferences2 and8.

Theoscillationanddatarecordingapparatuswasthesameas the
equipmentusedforthetestsofreference8 andisdescribedinthat

*

reference.
.
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TESTS

Foreachofthefourtaillengthsandthetwovertical-tailaspect
ratios,thefuselage—vertical-tailcombinationwasoscillatedharmon-
icallyinyawforeachofninefrequencies.Thenominalvaluesof these
frequencieswere0.4,0.5,0.7,1.0,1.4,2.0,2.7,4.0,and5.0cps.
Thesefrequenciescorrespondtoa rangeof thereduced-frequencyparam-
eterfrom0.003to0.036withtheheavierdistributionof testpoints
fallinginthelowerportionoftherangecovered.

Theresultsofreference8 indicatedthatchangesinamplitudeof
oscillationfromk“ to 1/2°hadonlya smalleffecton thelateraldamping
andthattheobservationsmadehadthegreatestaccuracyforthehighest
amplitudes.h ordertoobtainthegreatestaccuracyoftestpoints,the
testsinthisinvestigationweremadewithan amplitudeof oscillationof
*4O. Someof thetestswememadewithanamplitudeof-o asa check
againstthepossibili@ofanunexpectedlylargeeffectofamplitude.No
suchamplitudeeffectwasapparent.

As inprevioustestsof thisnature,themodelwastestedinan
invertedpositioninordertominimizeanystrutinterferenceon the
verticaltail,andat zeroangleof attackwithrespecttothefuselage
centerline. Alltestswereconductedat a dynamicpressureof
24.9lb/sqftwhichunderstandardsea-levelconditionscorrespondsto
a free-streamvelocityof 146fps.

Considerations

ANAIYSIS

EmployedinReductionofData

Withthemodelundergoingcontinuousoscillationinyawabouta
pivotlocatedat itsassumedcenterofgravi~,thelateralforceon the
verticaltailandthedisplacanentinyawofthemodelwererecorded
simultaneouslyas functionsoftimethrougha rangeofreduced-frequency
parameter.By themethoddescrib-inreference8, thelagbetweenthe
tailforceandthedisplacementinyawwasmeasuredas a timeincrement
andwasconvertedto a phaseangleindegreesby therelationship

!% =~x360
mess

(1)

Fora modelexperiencingsucha motion,by assumingsmallperturbations,.
theinstantaneouslateralforceimpressedona straingageuponwhich
theverticaltailismountedmaybe expressed,inthesystemof stability

. axes(seefig.1),as
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wherethedotted
Ifthe

andif

motionis

Y= ( )-mtt+~$$

synibolsrepresent
harmonic,then

-(VYN+Y$$
thetimederivatives

(2)

of ~ and ~.
.-

plyocosmt

thisequation,togetherwithitstimederivatives,issubstituted
intoeqpation-(2),thelateral-forcecoefficientbecomes

‘=’0{~’5~(*+%’) +~costi+%k(%=w’)sin”l(,,

Themeasuredphaseanglethenisexpresseda.s

Whenthemass
dynamicphase

b+k(Cyr- @
tan@ymea6=

%+’2r$(*+’)

.

(4)

terminequation(4) issetequalto zero,a purelyaero-
angleisobtainedandmaybe expressedas

bw
~ ‘(%r - ~jj)

‘in@Yaer&‘ (5)

()
~p+l?:2+$

By simplesubstitution,equations(4)aud (5) canberelatedtogivea
masscorrectionwhichcanbe appliedtothemeasuredphaseangleto
obtaintheaerodynamicphaseangle
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Theexperimentalvaluesof
fromtheaero@mamicphase
themanner

thelateralforcedueto
anglesgivenby equation

yawingwerecomputed
(!5)r=rr~ed in

(7)

Theoscillatorylateralforcedue to sideslippinginequations(6)and
(7)isa co~i~tionof theSteady-statelift-curveslopeofthevertical
tail Cyp anda forcecoefficientdueto therotaryaccelerationof the

v
verticaltail Cy2. The 0y2 portion,whichistheonlycomponent

dependentuponfkequency,canbe showntobe insignificantcomparedwith
the CYP portion
beingconsidered.
stateC!y

P
alone

mentalvaluesof

forthetaillengthsandtherangeoffrequencynow

Thistermwas,therefore,neglectedandthesteady-
wasusedinequations(6) and(7)to obtaintheexperi-

%r - C!y~forthisinvestigation.

Sincethedamping-in-yawparameter~ - Cn~ isofmoregeneral

interestthanthelateralforceduetoyawing,the~erimentalresults
for C& - Cy~ multipliedby a tail-lengthparsmeterr

(8)

wereusedtoobtainexperimentalvalues of
yaw. Thisprocedurewasfollowedforeach

. ofthetaillengthequalto zerowherethe
lackinginsignificance.

.

theoscillatorydampingin
taillengthwiththeexception
resultobviouslywouldbe
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Thisprocedurefor~determiningtheexperimental.unsteadydamping
inyawissomewhatdifferentfromthatusedforsimilartestsofrefer-
ence8. Forairplaneswithconventionaltaillengths,suchas thoseof .
themodelsinreferences2 and8,thephaseariglebetweenthelateral

...—

forceon theverticaltailandthedisplacementofthemodelshouldbe
=

aboutthesameas thephaseanglebetweentheyawingmomentofthever-
ticaltailandthedisplacement.In theinvestigationofreference8,
althoughthephaseanglemeasuredwasactuallythatofthelateral
force @y,thephaseanglewasconsideredto_~ethatof theyawing
moment~, sincethetwowereaboutthesameforthattaillength.For
taillengthsnearzero,however,suchas one.ofthoseconsideredinthe
presentinvestigation,thephaseangleofthelat~alforcediffers
greatlyfromthatof theyawingmoment.Forthisreasonforthecondi-– ““
tionof zerotaillength,thephaseanglewasnotinterpretedinterms

—

ofyawingmcnnent.This
section.

Thephaseangleof

phenomenonisdiscussedfurtherinthenext

TheoreticalCalculations

thelateralforcecan-becalculatedfromunsteady-
lifttheo~ inth=”mannerinwhichtheyawin&momentphase.anglewas #
obtainedtheoreticallyinreference8. Thelateral-forcederivatives
forthetwo-dimensionalverticaltailarepresentedintheappendixof
reference2. Theseequationsalsorepresent-thefinite-spanderivatives .
whenthe F and G unstea&y-circulationfunctionsusedarethefinite-
spanfunctionsofreferencej.

~p . -2z~

Thesederivativesare

F

St Ct ()%r ——F+=2fi%bw
(9)
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Theoscillatorylateralforceduetoyawingforthemotionherein
consideredwhere 13= -$ is

andtheoscillatorylateralforcedueto sideslippingis

(lo)

(11)

Ifequations(10)and (11)arecombinedwithequation(5),thetheoretical
phaseangleis seentobe

(12)

where

Al= ak2+2F+(2a-l)kG

and

B1=(2a-l)kF-2G-k

Thephaseangleof theyawingmoment,whichwasemployedinrefer-
ence8, isgivenby

tan~aerod= Q
AO
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.

Ao=(2’- ‘)ak’+(’ - a“+P+
B. = (aa- l,ald?+ (a- *)HI- (a-

)~k2+2aF+H
)
1’
2 -2aG-J

and F, G, H, and J aretheunsteady-circulationfunctionsofrefer-
ence5. Inreference2 theunsteadydirectionalstabilityisshownto
be proportionalto ~ andtheunsteadydampinginyawisshowntobe
proportionalto BO/k inthefollowimgmanner:

Theimportantclifferenceencounteredbetweenj$ and ~ liesin
theresultthat,fora valueof thetail-lengthparameternearzero,~
goesto zerobut Bo remainsfinite.Forallfinitevaluesof k, then,
tan~ becomesinfinitefor a = O. Thisresultdoesnotoccurinthe
considerationof @y sinceAl isfiniteforallvalues of a. Physi-
cally,thisresultmeansshplythatthedirectionalstabilitygoesto
zerofora taillengthcloseto zero,whereasthelateralforcedueto
sideslippingdoesnot. Thetheoreticaleffectsoftaillengthuponthe
dampinginyawandthedirectionalstabilityarediscussedmorecompletely
Inthenextsection.

RESULTSANDDISCUSSION

Theexperimentalresultsofthisinvestigationareshownas the
effectsofreduced-frequencyparameter,taillength,andtailaspect
ratioonthephaseangleinfigure5, onthelateralforceduetoyawing
infigure6, andon thedampinginyawinfigure7. Forthemostpart,
thisdiscussionisconfinedtotheeffectsofthetestvariablesonthe

*

.
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.

yawingderivativesratherthanthelateral-forcederivatives,sincethe
dampinginyawandthedirectionalstabilityarethechiefparameters*
whichdictatetheyawingmotionsofanairplane.

Infigure~,thephaseangleisseentovaryalmostlinearlyfor
alltaillengthsandbothaspectratios,althoughtheslopesofthese
variationsaremorenegativethan’thoseindicatedby equation(12)in
whichtheunsteady-circulationfunctionsofreference5 areused.

Thelateralforcesduetoyawinginfigure6 exhibitthetrendspre-
dictedbythetheoryofreference~ inthat Cyr- %~ ~dergoesa sm~
negativechangeas thereduced-frequencyparameterdecreases.At a smaU.
valueof k, thenegativechangein Cyr- %~ becomes‘en abrupt“ ‘e
reduced-frequencyparameteratwhichthisabruptchangeoccursismuch
higherthanthetheo~predicts- Itis,infact,inthepracticalfre-
quencyrangeforairplanes.At zeroreduced-frequency,thetheoretical
valuesof Cyr- &~ go tonegativeinfinityforallaspectratiosand

taillengths.Thefrequencyeffectson Cyr- ~~ areseentobecome

mre markedas theaspectratioisincreased.A variationintaillength
r hasno noticeableeffecton thevariationof C!yr- %~ withreduced-

frequencyparameter.The F termineqyation(10),whichisthe Cyr
. portion,istheimportanttermintheequationanddoesnotvaryappre-

ciablywithfrequencyforthissmallfrequencyrange.At lowfrequencies,
however,the Cy~ component,whichdependson G/k,becomesincreasingly

tiportantand,infact,introducesa singulari@intheexpressionwhen
k=O.

Thedsmpinginyawinfigure7 reflects,of course,thelateral
forceduetoyawingsincethetwoarerelatedbythetaillength.The
abruptreductioninthelateraldampingisagainapparentinfigure7 as
thereduced-fl?equencyparameterapproacheszero.Thiseffectisespe-
ciallymarkedforthehigheraspect-ratiotail. b fact,thedamping
forthe A = 3 tailat a taillengthof a = -~ decreasedthroughzero
andbecamenegativedampingfortwotestpointsat thelowestfrequencies.
Ingeneral,thepredictedeffectsofaspectratioandtaillengthon the
variationof thelateraldampingwithreduced-frequencyparametersre
we~-stistantiatedby theexperimentaldata.

Althoughthetheoreticaldampi~approachespositiveinfinityat
k = O forpositivetaillengths(negativevaluesof a),thetheoryindi-
catesthatthedampingapproachesnegativeinfinityat k = O fornega-

. tivetaillengths.Inotherwords,thetheory,basedon theunsteady-
circulationfunctionsofreference5, indicatesthat,withthevertical
tailforwardof thecenterofgravity,thelateraldampingshouldincrease

.
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steadilyas thereducedfrequencygoesto smallvaluesjratherthana
reductionindampingwhichoccurswiththeverticaltailinthenormal
location.Theexperimentswiththe A = 3 tailat a = 4 showedan
abruptincreaseinstabilityforoneportionofthefrequencyrangeas
thereducedfrequencybecamesmaller.

Somesizabledifferencesinmagnitudeof fi-od, Oyr- Oy~,and

cllr- Cn~ existbetweentheexperimentalandthecalculatedresultsfor

someofthetestconditions.Thesedifferencesmaybe at leastpartially
explainedby theend-plateeffectofthefuselageontheverticaltail
whichwouldnormally~ke theeffectiveaspectratioof thetaillarger
thanthegeometricaspectratio.Thegeometricaspectratioswereused
forallcalculatedresults.Forthelow-aspect-ratioregionbeingcon-
sidered,smallchangesinaspectratiocancreatesizabledifferencesin
magnitudeofboththeinphaseandtheout-of-phaseforceson thevertical
tail.

.

Someerrormayhavebeenintroducedintheexperimentalresultsby
a distortionof theverticaltailunderlargeloads.Thisdistortion
wasmostapparentforthehigh-aspect-ratiotailat thelongesttail
length.

*

Theconibinationsoftaillength,aspectratio,andreduced-frequency
parameterforwhichthecalculatedlateraldampi~oftheverticaltail

.

becomeszeroareshowninfigure8. Thetickedsideof eachcurveisin
theregionwherethequantim %r - Cni ispositiveandsignifiesan

unstablecondition.Thereducedfrequenciesfcrwhichtheinstability
occursfortheusualvertical-tailaspectratiosappeartobe considerably
lowerthanthosewhichcorrespondto thelateralmotionsofairplanes.
Althoughtestingwithintheseregionsofpredictedinstabilitywasnot
possiblebecauseoftheverylowfrequenciesrequiredfora reasonable
aspectratio,thefactthatonecaseofnegativedsmpingwasobtained
experimentallysignifiesthatconsiderationofa nonpotentialtwe of
flowmayextendtheseregionsof instabilitytohigherfrequenciesthan

—

indicatedby thepotentialtheory.Foronetaillength,a = -1.25,the
greatestrangeoffrequencyexistsforeachaspectratioforwhichthe
lateraldampingcanbecomenegative.

(h figure9 isshownthevariationof j?&/kapproximatelyeq~l

to B1/kA1)withtail-lengthparameterfora representativevalueof the
reduced-frequencyparameter,k = 0.05.SinceAl and B@ arelinear
functionsof taillength,~/k is,ofcourse,almostlinearaswell. .

Thefunction~/k wouldhavethesanevariationwith a withtheexcep-
tionofa smallintervalnear a = -0.5 wherea singularitywouldoccur .
andthefunctionbecomesinfinite.
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Thevsriationof thedampinginyawwithtail-lengthparameter
isshowninfigure10 fortherepresentativereduced-frequencyparam-
eter k = 0.07 whichisbeyondtheregionsof indicatedinstabili~
infigure8. Thedampinginyawisrepresentedinfigure10as

Intermsof theunsteady-circulationfunctions,thedampingparameter
isalso

~.(2a- ,,S,F+(++*)-?$:

Theseeqyationsaredevelopedinreference2 on thebasisofthemethod
ofreference5;thismethodissummarizedbrieflyintheappendixto
thispaper.Thetablesof theunsteady-circulationfunctionspresented
inreference7 arealsoextendedto thelowvaluesofreduced-frequency
pameter commonlyencounteredinthelateraloscillationsofairplanes.
Allexperimentalvaluesfor k = 0.05 areextrapolatedRromthetest
results.

A pointof interestrevealedinfigure10 isthat,as theaspect
ratiobecomessmaller,thelateraldsmpingreachesa minimumforeach
aspectratioatvaluesof thetail-lengthparameterwhichbecomepro-
gressivelymorepositive.Thiseffectisshowntogreateradvantage
infigureU inwhichthetail-lengthpsrameterforminimumdampingfor
eachaspectratioisgiven.Thistaillengthforminimumdampingis
givenas a functionof aspectratioandreduced-frequencyparameterby

F -H+~+l
k

a.
4F

Similarcurvesareobtainedforeachof three
quencywhichencompassthestabili~rangeof

valuesof thereducedfre-
reducedfrequencies.For

~erti~altailsofconznonlyemployedaspectratios,minimumdampingis
obtainedforlocationsforwardof theairplanecenterof gravity.As
theaspectratioisincreasedandthefrequencyof oscillationbecomes
low,thetaillocationforminimumdsmpingshiftsrearward.
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Thedirectional-stabilityparameter

isrepresentedas a functionoftail-lengthparamet~

NACATN 3X21

in figure12. The
experimentalvaluesinthisfigureareobtainedfromstaticsidesliptests.
Itwasshowninreference2 that,forthetaillengthsgiven,frequency
hasno appreciableeffectonthedirectionalstabilityinthislowrange
ofreducedfrequencyandforthesesmaU aspectratios.Intermsofthe
unsteady-circulationfunctions,thedirectionalstability(ref.2) is

~=(2a- l)ak.+(a-$J+ (a2+ ~)k2+ 2al?+ H

whichisa quadraticfunctionofthetaillength.Whenbothrootsof
thisqpadraticequtionaredetermined,onerootisthesmallvalueof a
whichcorrespondstothoseshowninfigure12,whereastheotherisa
verylargevalueof a.

Thevariationof thedirectional-stibili~parameterwithextremely
largevaluesofthetail-lengthparameterispresentedinfigure13. Any
discussionof suchextremetaillengthsis,ofcourse,ofonlyacademic
interest,butthetrendsindicatedareat leastworthyofnote. Normally,
thedirectionalstabilftydueto theverticaltailwouldbe expectedto
be zeroonlywhenthetaillengthisaboutzero.However,intheoscil-
latorycase,thedirectional-stabili~parameterisa conibinationofa
componentproportionaltodisplacement~ andoneproportionaltothe

P
rotaryacceleration~$; thesecomponentsare18@ outofphase.The

%p Portionisa linearfunctionoftaillengthandIsthestability

parameterconsideredinthestaticcase.The ~~ portionofthe

dtiectional-stabilityparameterisa functionofthesqusreofthetail
length.Whenthetaillengthbecomesof sufficientmagnitude,as shown
infigure13,thesteadyportionofthestabilityparameterbecomesinsig-
nificantcomparedwiththeunsteadyportion.Onlyforsnaspectratio

of #, for k = 0.05,isthestabilityparameterlinearwithtaillength
3

foralltaillengths;forallotheraspectratios,thecurvesarepara-
bolicinthefashionshownandthestabilitypsrsneterchangessignfor -- - ‘
anextremelylargetaillengthaswellas foronenearzero. ——

●

—
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Somesimilarremarksmaybe madewithregardtotheunsteady
curveslopeoftheverticaltail C!yP- ~~. Taillocationalone

notbe expectedtoproduceanyeffectonthesteady-stateportion

17

lift-
would

%ip“
Fora sufficientlylongtaillength,however,theunsteadyliftproduced
by theplungingaccelerationof theverticaltailcouldcausethetotal
lateralforcedueto sideslippingtogo to zero.At thistaillength,
of course,thestabilityparameterwiU.alsobe zero.

CONCLUDINGREMARKS

An experimentalinvestigationoftheeffectsof taillengthand
aspectratioon theunsteadylateraldsmpingofa verticaltailinthe
presenceofa fuselageindicatedthata reductionindampingtookplace
asthefrequencywasreducedto lowvaluesandbecamemorepronounced
forthelongertaillengthsandthelargeraspectratiotested.Forone
tail-lengthandaspect-ratioconibinati.on,a conditionofnegativedamping
wasencounteredat thelowestfrequenciestested.Thistestcondition
wasina regionwheretheunsteadypotential-flowtheorypredictsposi-
tivedampingforan isolatedverticaltail.

A complementarytheoreticalanalysisof thesegeometricaleffects,
basedon thefinite-spanunsteady-lifttheoryofBiotandBoehnlein,
indicatesthat,foreachaspectratio,thereisa taillengbhforwhich
thelateraldampingwillbeminimum.Thetailpositionforminb.un
dampingisforwardof themomentreferencepointforsmallaspectratios
andhigherfrequenciesbutmovesto a locationrearwsrdof thereference
pointtithincreasingaspectratioandlowerfrequencies.Foran airplane
configurationbeingoscillatedforceablyinyawat a reducedfrequency
comparableto thoseinvestigated,theaerodynamic-directional-stability
termcanbe decreasedinmagnitudeas a resultofan increaseinthe
componentduetothelateralaccelerationoftheverticaltailas the
taillengthgoesto lsrgevalues. Forsufficientlylongtaillengths,
thistermcsmgo to zeroandthenchangesign.

LangleyAeronauticalLaboratory,
NationalAdvisoryCommitteeforAeronautics,

LangleyField,Vs.,Septeniber23,1953.
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COMPUTATIONAL

APPmlX

METHODOFBIOTANDBOEENGEIN

A concisesummaryispresentedoftheproceduredevelopedinrefer-
ence5 forcomputi&thefinite-spancirculationfunctionsforuse where
a goodapproximationoftheunsteadyforcesandmomentsonan oscillating
surfaceissufficient,forexample,instabilitycalculations.

—
Thetables

—

ofthecirculationfunctionsandintermediatefunctionspresentedinrefer-
ence5 arealsoextendedto thelowvaluesof thereduced-frequencyparam-
eterusuallyconsideredin stabilityinvestigations.

Theforcesandmomentson thecompleteoscillatorywingareobtained
by a spanwiseintegrationof theexpressionsthatresultfromsatis~igg
theboundaryconditionsat themidspanpositiononthewing. Comparative
calculationsmde forthe“investigationofreference2 indicatethat,for
therangeofreduced-frequencyparameterbeingconsideredandforaspect
ratiosof theorderof2 andgreater,thisone-pointapproximationyields

—

aboutthesameresults as themoreextensiveprocedurewherebythecompu-
tationismadeforseveralpointsalongthespan(ref.3,forexample).
Theassumptionofanellipticloading,then,doeslittletocompromise *
theaccuracyof thecomputationforstabilitypurposesbutdoesgreatly
simplifytheprocedure.

Inreference5,theequations
nmmentM 2 perunitspanforanc/
itsmidchordpoint

L=

and

areshowntobe

()
Yfpcti& -1-F+

.

forthelift L andthepitching
airfoiloscillatinginpitchabout

(Al)

(A2)

where ~ istheinstantsmeousverticalvelocityof themidchordpoint
(positivedownward),a istheinstantaneousangleof attack(positive
whennoseup)jandupwardliftandnose-uppitchingmomentarepositive.

.

.
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By usingtheseequations,thetotalyawing
tailaboutthecenterof gravityof anairplane

()cg=%/2-%+~N

19

momentofa vertical
~g isgivenbyN

(A3)

where l&/2 isthepitchingmomentaboutthemidchordofthevertical

tailas expressedby eqyation(A2),L isthelifton theverticaltail
givenbyequation(Al),and 2t isthetaillength.Substitutingequa-
tions(Al)and (A2)intoequation(A3),nondimensionalizingtheresulting
expression,andsettingitequaltoan equationforthesamequantity
whichiswrittenintermsofthestabilityderivativesC

~d Cn~
n~~ %~) %r,

resultsinexpressionsforthelateraldampingandthedirec-
tionalstabilityofthevert~caltailderivedas functionsof thefinite-
spa.ncirculationfunctionsP and & ~is procedurewasusedin the
investigationofreference2.

a Intheresultingequations,P and Q arecomplexfunctionswhose
realandimaginarypartsmaybe ccmputedforanyaspectratioandvalue
ofreducedfrequencyk as outltiedbelow.

.

Thefollowing
arerequiredfirst

functions,whicharedependentonlyuponaspectratio,
(thenotationforthemostpartisthatofref.5):

and

%2= +F=- “ M%+d2L+~F+3A 3
AA i-~ AA2 +16
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TableI,whichwastakenfromreference5 withsomeminorcorrections,
givesthevaluesof ao, al,and ~ fora rangeofaspectratio.The .
variationofthesefumctions

Twofunctionsrequired,

1-
Qo= --${ L -1}Jo(k)cosk +YO(k)sink+ i Jo(k)sink - YO(k)cosk

withaspectratiois

whichdependonlyon
.

-.–—..

showninfigure14.

frequency,are

--l

L 2

and

{. 1}* Jl(k)sink-Ql=-r Yl(k)cosk -
[.
i Jl(k)cosk i-Y1(k)sink

.—

where Jn(k) and Yn(k) aretheBesselfunctionsofthefirstandthe
secondkinds,respectively,of ordern andofargumentk. A presenta-
tionofthevaluesof ~ and Q1 forlowvaluesofthereduced-frequency
parameterisgivenintableIIand I“and R denoteimaginaryandreal
parts,respectively,of ~ and Q1. Tigure15 showsthesevariations
graphically.

Thenextcomputationnecessaryis

F= Fc+Ft+Fs

where



.

.
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and

21

F==- 2.2716ike-
1 + 3iAk “m~o(~)+’l(+]

ThefunctionsIn arethenmdifiedBesselfuuctionsof thefirstkind
of ordern andof theargunentindicated.Twosimilarfunctionsneeded
alsosxe

FO = F& + Fot+ ‘0s

and

F1=I?lc+ Flt+ Fls

where

[
‘ot=‘6Ji91+4

(l+$+!$,(!j}
—

— --l L

o(-~Io++&+
2A

-
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.

and

FOB= . 1.7037iAk~-
l+3iAk

1,3A~(~) ‘6A11($j

L

FI~= - 3.4074im#JL1 1
l+3iAk -()

1~

Thecirculationfunctionscannowrecomputedby
expressions:

F= F+iG

and

d

thefollowing

●

.

i= H+iJ

Q1- F +4Fl - 4ikFo
Q=

-.
~+~-F” .-— J

Extensionsofthetablesoffinite-spancirculationfunctionspresented
inreference5 tolowvaluesofthereduced-frequencypw~eter aregiven _ _
intables“IIItoW andshowninfigures16to19.

Intwodimensions,eq~tions(Al)and(A2)fortheliftandmoment
reducetothewell-knownexpressionsgivenby Theodorsen(ref.9)when
thecenterofrotationoftheairfoilsectionisat theoriginofaxes
(thesemichordpoint).Forthetwo-dimensionalcase,theexpressions
for F, Fo,and F1 becomezero,whereupofi– .- —

.

.
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and

F= (i ‘oJl+ ‘Oyl)

(JI+yo)2+(yl-Jo)2 (J~+y0)2+(yI-J0)2

withtheBesselfunctionsof theargumentk. Thiseqution
course,alsotheequationgiveninreference9 by Theodorsen
functionC(k)= F+ iG.

Forsmallvaluesof k (substantially,O < k < 0.001)
dimensions,

and

Thelatterapproximationapproacheszerointhemanner
ratiosG/k and J/k,uponwhichthedampingdepends,
-~ inthemannerof logk as k goesto zeroas iS

reference10.

Forthefiniteaspectratios,theimaginaryparts
stillgo to zeroas k becomeszero. TheratiosG/k

is,of
forthe

intwo

of k logk. The
therefore,approach
pointedoutin —

of ~ and ~
and J/k become

-m as k becomeszeroas theydo intwodimensions;thatis,’inthe
mannerof logk. Thedamping,therefore,whichisa negativefunction
of G/k and J/k,approachespositiveinfinityas k goesto zerofor
a normalpositivetaillengthas itdoesinthetwo-dimensionalcase.
A differenceexists,however,intherateof approachof thedamping
functionto infinity.As theaspectratioisdecreased,thedivergence
ofthefunctiontakesplaceatvaluesof .k whichbecomecloserto zero.
Forfiniteaspectratios,reasonablevaluesof thedampingcanbe calcu-

.-

latedforsmallvaluesof k, exceptforthoseverycloseto zero.

.

0.
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TABLEI.-VALU’EOF ao, a~,AND a2 FORA RANGEOFASPEC!l!RATIO

[&nref. ~

.

.

25

A % al %2

1 2.883037 10.065A26 -10.724747
1.5 1.6480907 5.12919 -5.087805
2 1.0703676 3.017580 -2.771230

.552X47 1.31673I2 -1.01871~
i =3333334 .6972756 -.4466077

.2215873 .4200m6 -.2210573
2 .15737865 .2772132 -. W19667

.H72900 .19560650 -.06999884
i .09066729 .1451070 -. &3296k
9 .072123~ .u85594 -.0280890

10 .05870753 .0888582 -.0189596
11 .04869749 .0~23089 -.0132311
12 .04103521 .0600082 -=0094990
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4

TABLEII.- VAIUESOF @ AND Q1 AS ?WNCTIONSOF

REDUCED-FREQUENCYPAMMETER

~= R(%-j+ iI(Qo);% = R(QI) + iI(QI).1
k

()RQ,o ~(%) R (QI) 1(%)

o 0 0 -1.000000 0
.00001 -. om16 -. 0CK)115 -1.000000 -.000010
● Ooo1 -.000157 - ● 000933 -1.000000 -. OQoloo
.0010 -.001564 -.007025 -1.000004 -.000999
.0015 -. 002%1 -.009931 -L 00000’7 -. oo14g8
.002 -.003116 -.012667 -1.000012 -.001997
u003 -.004659 -.017789 -1.000025 -.002993

.O@ -.006193 -.022574 -1● 000041 -.003988

.oo~ -.0077%8 - ● 027110 -1.000062 -. o@981

.0(% -.009236 - ● 03144’7 -1.000085 -.005972

.007 -.010746 -.035620 -1.000113 -.006962

.008 -.0U22kg -.039652 -1.000143 -.007951

.009 -.013745 -.043563 -1.000176 -.008938

.010 -.015235 -.047364 -1.0002L2 - ● 009924

.Ou -.018194 -. 0*685 -1.000292 -.011891

.014 :; @l:: -.061683 -1.000383 -.013853

.016 -.068406 -1.000k83 -.015808

.018 -.026928 -.074889 -1.000593 - ● Q17’758
● 020 -.029796 -.081161 -1.000712 - ● 019703
.030 -. d+3833 -.11ooo8 -1.001425 -.029345
.040 -.05fi25 -.135728 -1.002315 -. oy38*

.ox -.070623 -.159183

.(%0
-1.003355 -.048244

-. 08~67 :: NM:: -1.004528 -.057513
.070 -.095987 -1.005819 -.066667
.080 -.108210 -.220219 -1.oo7215 -.075711
.Ogo -. W0156 -.238271 -1.008706

:: $’$%.100 -.131845 -.255436 -1.010284

.

.

.

.
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